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1. Introduction 

A simple well-known fact says that if / : S — )• M" is an immersion sat- 
isfying that at each point of /(S) there exists a normal line intersecting a 
fixed point p E M" then /(S) is contained in a round sphere centered at p. 
In this paper we will provide two generalizations of this fact, obtaining also 
an application to horospheres in Hadamard manifolds. 

To state our first result let us fix some notations. For an arbitrary subset 
C of a Riemannian manifold M and r > we set 

S{C,r) = {x G M I dix,C) = r} , 

where d is the distance function. 

We will denote by the complete simply-connected n-dimensional man- 
ifold of constant curvature c. Let W = denote a complete connected 
j-dimensional totally geodesic submanifold of Q". If c < there exists 
a natural projection ir^ : QJ? — )• W satisfying vr^y(g) = 7(1), where 7 : 
[0, 1] — >• Q" is the unique geodesic with 7(0) = q, 7(1) G W and the lenght 
L(7) = d(q,W). Now we recall how this projection may be defined in the 
case c > 0. We first set 

It is well known that Vw is a totally geodesic sphere of dimension n — j — 1. 
To construct a natural projection tt^ : (QJ? — Vw) W we consider the 
normal bundle 

iy{W) = {{x,v) \ x£W,v£ {T,W)^] , 

where (T^W)-^ denotes the orthogonal complement of TxW relatively to 
TxiQc)- Let exp-*- : ^{W) — )• QJ? denote the normal exponential map. Set 

Bw = G J^{W) I \v\ < ^1 . 

It is well known that the map exp-*- Is^y By/ — )• (Q" — Vw) is a diffeomor- 
phism and that e'xp^{dBw) = Vw, where dBw denotes the boundary of 
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the closure Bw- Thus we may define the projection vr^- 
by iTy^{ex.p-^{p,v)) = p. In other words, for q G Q" - 



Vw it holds that 



T^wiQ) = 7(1), where 7 : [0,1] 



is the unique geodesic with 7(0) = q, 



7(1) G W and L{j)=d{q,W). 

We denote by Gw the group of isometries of that fix each point in 
W. Given a tangent vector v in some point in a Riemannian manifold, we 
will denote by 7^ a geodesic satisfying 7^,(0) = v. The domain of 7^, will be 
specified in each case. 

Let S C be a connected embedded submanifold of the space form 
of class C^, with k > 1. Let W he a complete connected totally geodesic 
submanifold of Q". We will consider the following properties: 

(A) For each point g G S there exists a neighborhood U of q in S such 
that U is contained in an embedded hypersurface of which is 
invariant under the action of Gw- 



(B) For any point q G T,, there exists a vector r] G Tq{ 
S such that the geodesic 7^ intersects W. 

(C) For any point q £ T, and any vector v £ TqT, with {dir. 



orthogonal to 



exists a vector rj £ Tg{ 
intersects W. 



0, there 

orthogonal to v such that the geodesic ^jrj 



wJq'- 



Theorem 1. Under the above notations assume that S H W = and the 
map vr^ls : Ti ^ W is a submersion. In the case c > we assume further 



that Tj n Vw 



Then it holds that: 



(A) 



(A) 



and 
and 



(B) 



(C) 



(i) If c = then properties (A) , (B)| an(i |(C)| are equivalent, 
(a) If c> then 
(Hi) If c < then 



are equivalent; 
are equivalent. 



Remark 1. Since (B) implies (C) trivially, we obtain from Theorem [T] that 
1(B) I implies 1(A) and (A) implies (C) for all values of c. 



Remark 2. It is simple to show that (C)| is always true if c > (see Propo- 
sition O)- 



Remark 3. Theorem [T] is sharp in the sense that all the implications that 
do not appear in Theorem [T] or in Remark [T] fail (see Section [4]) . We will 
also see in Section |4] that the assumption that vr,^ | s is a submersion may 
not be dropped. We will also see in Proposition 12.21 that if c < and S is a 
hypersurface of Q", then property |(C) | implies that tTj^-Is is a submersion. 



Example 14.51 presents a nontrivial situation in in which Theorem [T] 
holds. In this example, if p £ W — {(0, 0, 0, 0), (0, 0, 1, 0)} then the complete 
totally geodesic submanifold of maximal dimension which is orthogonal to 
W at p intersects S in infinitely many isolated points. 
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Question 1.1. If we remove from Theorem [1\ the assumption that vr^|s is 
a submersion, is it true that \(B)\ implies \(A)\ in an open dense subset ofT,? 

In the next results we will relax the C^-hypothesis and just consider a 
differ entiable immersion. Let M be a Hadamard manifold. It is well known 
that M admits a natural compactification M = MUM(oo), where the ideal 
boundary M(oo) consists of the asymptotic classes 7(00) of geodesic rays 7 
in M (see [EO'N] or Chapter 3 of [BUS] ). We obtained the following result 
(compare with condition |(C)| in Theorem [T]) . 

Theorem 2. Let f : ^ M be a differentiable immersion of a connected 
manifold T, in a Hadamard manifold M . Fix xq G M(oo) and assume that 
for all point p G S and v G TpS there exists a vector rj G Tf(^p-^M orthogonal 
to dfpV such that the geodesic ray ■ [0, +00) — )• M satisfies that 7,^(00) = 
Xq. Then /(S) is contained in a horosphere of M associated with xq. 

The above result can be proved by using the following general result. 

Theorem 3. Let f : ^ M be a differentiable immersion of a connected 
manifold T, in a Riemannian manifold M . Let G : M ^ M. be a Lipschitz 
function with Lipschitz constant C > 0. Assume that for all p £ and any 
V £ TpS there exists a nontrivial vector r] G Tf(^p^M orthogonal to dfpV such 
that the geodesic 7,, : [0, 1] — )■ M satisfies that 

|G(/(p))-G(7,(1))|=CL(7,). 

Then /(S) is contained in a level set of G. 

Given an arbitrary subset ^ of a manifold M the distance function from 
A is Lipschitz with Lipschitz constant 1 and vanishes on A. Thus we may 
apply Theorem [3] to obtain the following result. 

Corollary 1. Let f : T, ^ M be a differentiable immersion of a connected 
manifold T, in a Riemannian manifold M . Let A G M be an arbitrary 
subset. Assume that for all p £ T, and v G TpS there exists a vector rj G 
Tf^p-^M orthogonal to dfpV such that the geodesic 7,^ : [0, 1] — )• M satisfies 
that 7,j(l) G A and 

L{jr,)=d{f{p),A). 
Then /(S) is contained in S{A,r) for some constant r > 0. 

2. Isometry actions and submanifolds 

The purpose of this section is to prove Theorem[Tl which will be done after 
stating some lemmas. The first one is a well known simple result about the 
geometry of manifolds with constant sectional curvature. 

Lemma 2.1. Let (71, 72, 73) be a geodesic triangle where each 7, : [oj, hi] — 
Q" is a minimal geodesic. Then there exists a totally geodesic surface N'^ C 
Q" which is isometric to and contains the images of 71 , 72 and 73 . 
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Let W C Qc be a complete totally geodesic connected submanifold and fix 
p GW. It is well known that there exists a unique complete totally geodesic 
connected submanifold S = Spw C Q" containing p such that the tangent 
space TpS agrees with the orthogonal complement (TpW)'^. The following 
result is well known and follows easily from the equality -k^ (exp-'-(x, oj)) = x, 
where {x,uj) G iy{W) for all c G M, and satisfies |a;| < if c > 0. 

Lemma 2.2. With the notations above, the map vr^ is a submersion on its 
domain. Furthermore for p G it holds that 7r~^({p}) = Spw in the case 
c < and '^~}{{p}) = Spw H (QJ? — Vw) in the case c > 0. In particular for 
q G vr~i(M) the kernel Kej:{{dTT^)g) = Tg{Spw)- 

The next lemma is a simple consequence of Lemma |2.1[ 

Lemma 2.3. For c > 0, let 7 : M — )• be a normal geodesic. Let a : 
[0, to] — Q" and (3 : [0, sq] — Q" be minimal normal geodesies satisfying 
that: 

(i) a(0) = 7(a) and /3(0) = 7(6) with < a < 6 < ^; 

(ii) (a'(0),7'(a)) = (/3'(0),y(6))=0; 

(iii) a{to) = /3(so). 

Then it holds that /3'(0) is the parallel transport of a'(0) along 7. 

Proof. By Lemma [2.11 there exists a totally geodesic surface A^^ C Q" which 
is isometric to containing the images of 7, a and /3. It is not difficult to 
conclude that either b — a = ^ and the union of the images of a and (3 
determines a geodesic arc of length , or 6 — a < and sq = to = • In 
both cases the conclusion of Lemma |2 . 3 1 holds . □ 

Lemma 2.4. Let T, C Q" be a differentiable embedded connected subman- 
ifold with c > 0. Let W he a closed connected totally geodesic submanifold 
of Q" and fix a point g G S n (Q" - {W UVw})- Assume that the map 
'^w\^ : S — )• ly is a submersion at q and that there exists a vector rj G Tgi^Q^) 
orthogonal to S such that the geodesic jrj intersects W. Consider a short- 
est normal geodesic 7 : [0, tq] — )• Q" from q to W, namely, assume that 
7(0) = q, 7(ro) = p = iT^{q) G W and ^^(7) = ro = d{q, W). Then it holds 
that (r/,7'(0)) /O. 

Proof. Consider the totally geodesic sphere S = Spw as in Lemma 12.21 
Since 7'(ro) G (TpW)-^ = TpS it follows that the image of 7 is contained in 
S, hence q £ S. 

Since 7^ intersects W and 5 = 7r;(0) ^ we have easily that tj ^ 0. 
Without loss of generality we will assume that \ri\ = 1. The intersection 
between the image of 7^ and W occurs in two antipodal points, hence there 
exists < So < such that u = 7jy(so) S W. 

Now we assume by contradiction that (7^(0), 7'(0)) = (t/, 7'(0)) = 0. 
This fact and the inequalities < ro < and < so < ^ imply together 
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that p ^ u. Thus there exists a minimal normal geodesic /i : [0, t^] — )• W 
satisfying that /i(0) = p and ^(to) = u. Since /i'(0) G TpW we have that 
/i'(0) is orthogonal to 7'(ro). Since u = 7r;(so) = M(io) and and 7^ are 
minimal normal geodesies orthogonal to 7, we may apply Lemma 12.31 to 
conclude that /i'(0) is the parallel transport of rj along 7. 

Write TqT. = (TgS D T^S) V and set j = dim(VF) the dimension of W. 
Since V C T^S we have that VnTqS = Vn {TgS D TgT.) = {0}. Since vr^^ |e 
is a submersion, we have that {d-K^-)g{Tq'E) = TpW, hence it follows from 
Lemma [22] that dim(y) > j. 

Let P : TgiQ'^) Tp(QJ?) be the parallel transport along 7. Since V C 
TgE we obtain that rj is orthogonal to the linear space V. Since -P(?7) = Ai'(O) 
we obtain that //'(O) is orthogonal to the image P{V). Since //'(O) G TpW 
it must be orthogonal to TpS. Thus we have that ^'(0) is orthogonal to 
+ TpS). Furthermore it holds that 

p{v) n TpS = P{v) n P{TgS) = p{v n r^^) = {o}. 

We conclude that 

dim{P{V) + TpS) = dim(P(y)) + dim{TpS) > j + (n - j) = n, 

hence P{V) + TpS = Tp{Q^) and ^'(0) = 0. This contradicts the fact that 
I A*' (0)1 — 1- Lemma 12.41 is proved. □ 

Proof of Theorem [Tl Let W and S be submanifolds of Q" satisfying the 
hypotheses of Theorem [TJ Our first goal is to prove that Property | ( A) | holds 
if one of the following conditions hold: 
(I) c > and Property (B) holds; 

holds. 



(II) c < and Property 



(C) 



Thus we will assume that (I) or |(II)| holds and we will prove that each 
sufficiently small open subset of S is contained in a hypersurface invariant 
under the action of Gw- 

Fix q € Tl. Consider a normal shortest geodesic 7 : [0,ro] — )• Q" from 
q to W, namely, assume that 7(0) = q, 7(ro) = p = iT^{q) £ W and 
L(7) = d{q,W) = vq. Set S = Spw- Since 7'(ro) E it follows that the 
image of 7 is contained in S, hence q £ S. 

Fix V S TgS with {dTT^)gV = 0. By Lemma [2^2] we have that v G TgS. 

Claim 2.1. (u,7'(0)) = 0. 

In fact, by using (I) or |(II) we may choose rj G TgQ"^ such that the 



geodesic 7^ intersects W and one of the following properties holds: (a) rj is 
orthogonal to T^E and c > 0; (b) is orthogonal to v and c < 0. Recall 
that ?y 7^ since q ^ W and 7,j(M) intersects T^. Without loss of generality 
we will assume that |ry| = 1. If r/ and 7'(0) are linearly dependent Claim 
2.11 follows trivially. Thus we may assume that ry and 7'(0) are linearly 
independent. 

In the case c < the intersection between j^i and W occurs at a unique 
point u = 7,7(50) G W. If c > the intersection between 7^ and W occurs in 
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two antipodal points, hence there exists < sq < such that u = jr]{so) ^ 
W. In both cases the geodesic 7^ : [0, sq] — )• Q" is the unique minimal 
normal geodesic joining q and u. We have that p u because of the two 
following facts: (i) 7 and "jj] are the unique minimal normal geodesies from 
q to p and q to u, respectively; (ii) rj and 7'(0) are linearly independent. 
Thus we obtain that there exists a minimal normal geodesic /i : [0, to] ~^ ^ 
with to > 0, satisfying that /u(0) = p, /i(to) = u. 
Now we assert that 

(1) (r?,y(0)>/0. 

In fact, if c < and ([T]) is false, the lines jr] and n are mutually orthogonal 
to 7 which implies that they cannot intersect in the point u, which is a 
contradiction. In the case c > 0, the assertion ([1]) follows from Lemma |2.4[ 
Let P : Tq{Q^) — > Tp{Q^) be the parallel transport along 7. We claim 
that 

(2) Piv) and ^'(0) are linearly independent. 

In fact, if is not true we have that P(r/) = ±^'(0). Since ^'(0) G TpW 
and 7'(ro) S TpS it holds that (/i'(0), 7'(ro)) = 0, hence we have that 

(??,7'(0)> = (P(r?),P(7'(0))> = (P(r,),7'(ro)) = ± (^'(0), 7'(ro)> = 0, 

which contradicts ([1]). 
Now we assert that 

(3) (PW,^'(0)> = (P(^),P(r?))=0. 

The equality {P{v), P{r])) = follows directly from the equality {v,r]) = 0, 
which follows from (a) or (b). Since v E TqS and S is totally geodesic we 
obtain that P{v) G TpS = (TpW)-^. This implies that (P(t;), Ai'(O)) = 0. 

By Lemma 12.11 there exists a complete totally geodesic surface N'^ con- 
taining the images of 7, 7^ and /x. Since r] S Tg{N'^) and A^^ is totally 
geodesic it follows that P{r]) € Tp{N'^). Thus ([2]) implies that P{ri) and 
^'(0) form a basis for Tp{N'^). From ([3|) we obtain that P{v) is orthogonal 
to Tp{N'^), which implies that 

(t;,7'(0)> = (P(t;),P(7'(0))> = 7'(ro)> = 0, 

smce 7 (ro) G Tp{N^). Claim O is proved. 

Now we are in position to prove that |(A)| holds under condition (I) or 
(II) above. To do this we fix q £ S. Since tt^^Is is a submersion and S is 
of class with k > 1, there exists a C'^ diffeomorphism h : D x V ^ U 
satisfying that i:^{h{x,y)) = y for any (x,y) G D x V, where U d Tj is 
a small open neighborhood oi q, V = -n^iU), and D is an open disk in 
M"^~-J with m = dim(S) and j = dim(M^). If c > then Li may be chosen 
sufficiently small so that U n Vw = 0. 

Write q = h{xq,p), where T^^yiq) = P- Define the C'^ map ^ '.V given 

by 

i{y) = h{xg,y). 
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Claim 2.2. For any y G V and z,z ^ h{D x {y}), it holds that d{z,W) = 
d{z,W). 

In fact, for any x £ D, we have that TT^{h{x,y)) = y, hence v^^(^i) = y 
for any u € h{D x {y}). Thus any vector v tangent to h{D x {y}) in u 
must satisfies that {dTry^^)uV = 0. By Claim \2A\ it holds that {v,j'{0)) = 
where 7 : [0, tq] — )• is the normal shortest geodesic from u to W, namely, 
it satisfies that 7(0) = n,7(ro) = y and -^(7) = ro = Thus we 

may apply Corollary [1] to conclude that d{z,W) = d{z,W) for all z,z £ 
h{D X {y}). Claim [2^2] is proved. 

Given z gU, it holds that z = h{x, (z)) for some x £ D. We also have 
that £,{t^^{z)) = h{xq,TT^,-{z)). Thus we obtain that z and belong 
to X {^T^y{z)}). Thus we conclude from Claim [2^2] that 

(4) =(i(^(7r^(z)),T^). 

We define the function r : V — )• (0, 00) given by r{y) = d{^{y),W). 
Consider the following set 

M = U S'{y,r{y)), 
yev 

where S'{y, s) denotes the sphere on Syw of center y and radius s. 

Claim 2.3. The set M is invariant under the action of the group Gw- 

In fact, fix an isometry (p G Gw and y G V. For w £ TyW and v G 
Ty{Syw) = {TyW)-^ we have that 

{d(j)yV,w) = {d(j)yV,d(j)yw) = {v , w) = 0, 

hence d(j)y{Ty{Syw)) C (TyW)-^ = Ty{Syw) and, by an argument on dimen- 
sion we conclude that d(t)y{Ty{Syw)) = Ty{Syw)- From this and the fact that 
Syw and (t){Syw) are totally geodesic it follows that (t){Syw) = Syw- Fur- 
thermore we observe that the distance relatively to Syw agrees with the dis- 
tance on Q", since Syw is totally geodesic. This implies that d{u,y) = r{y) 
for all u G S' {y,r{y)), hence S'{y,r{y)) C S{y,r{y)). This together with the 
fact that (j){Syw) = Syw leads us to the conclusion that 

^{S'{y, riy))) C r(y)) n Syw = S'{y, r{y)). 

Claim [2]3] is proved. 

Claim 2.4. The set M contains lA. 

In fact, take z ^U. Set y = -k^Iz). To prove Claim [23] it suffices to 
prove that z G S'{y,r{y)). Clearly we have that z G Syw- By ([4]) we obtain 
that 

d{z,y) = d{z,TT^{z)) = d{z,W) = d{a7T^{z)),W) = d{C{y),W) = r{y). 
Claim [23] is proved. 

Claim 2.5. The set M is an embedded hypersurface of class G^ . 
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In fact, let i^i(V) = {{y,v) | y G V, w G (TyV)"*" with \v\ = 1} denote the 
unit normal fiber bundle over V. We define the map ijj : i^i{V) — t- Q" 
given by 

ip{y,v) = exp-^(y,r(y)w) 
and (p : M ^ '^iC^') given by 

/ // \ vr2 ( (exp-L)"^ 



712 ( (exp^) 




TTi exp 



where vri and 7r2 are the natural projections given by TTi{y,v) = y and 
7r2{y,v) = V. It is clear that il){{y,v)) C Syw and d{ip{{y,v)),y) = r{y), 
hence we have that '4'{{y,v)) G S'{y,r{y)). Thus we obtain that ip{ui{V)) C 
M. Furthermore we have that (p is the restriction of a C°° map defined in 
— in the case c < and defined in — {W U Vw) in the case c > 0. 
It is straightforward to show that ip{ijj{y,v)) = {y,v). We will show that 
ip{ip{z)) = z. Set 

-1 



y = 7^1 



exp 



(^) 



and V 



TT2 I exp- 



(^) 



7r2 ( (exp-' 



With this notation we have that (/'(•z) = iy,v). Note that 

-1 



By 



we have that 
1 



TT2 exp 



(^) 



diz,W) = dia7T^{z)),W) = riTT^iz)) = riy), 



which implies that r{y)v = 1:2 (^(exp j {z)j . Thus we have that 
ip{ip{z)) = ^{y, v) = exp-^(y, r{y)v) = exp"^ ( tti 



exp 
z. 



VTi exp 



z) , 7r2 exp 



exp 

-1 



z) ,r{y)v 



(^) 



We conclude that M = Tp{i'i[V)) and '(/' is a C'^-diffeomorphism, hence M is 
an embedded hypersurface of Q" of class C^. Claim [231 is proved. 

It follows from Claim [231 Claim [23] and Claim [23] that Property [(A)] 
holds. 

To finishes the proof of Theorem [1] we need to prove that pj] implies [(B)] 



in the case c > and that ](A)] implies 
From now on let us assume that (A) 



(C) in the case c < 0. 
holds. We fix g G S and take a small 
neighborhood U oi q inTi contained in an embedded hypersurface M in 
that is invariant under the action of Gw- 
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Let 7 : [0, ro] — )• Q" be the normal shortest geodesic from q to W , namely, 
assume that 7(0) = g, 7(ro) = p G W and ^(7) = tq = d{q,W), hence 
P — '^wil) — 7(^0)- Set S = Spw- Let S' = S'(j),ro) be the sphere on S of 
center p and radius tq. Since M is invariant under the action of Gw it is 
not difficult to see that S' <Z M. 

Claim 2.6. 7'(0) ^ TqM . 

In fact, since vr^ls is a submersion we obtain that 

T,W = di-K^UT.iT.)) C (i(vr^),(r,M), 

hence d{'ir^^)g{TgM) = TgW. Furthermore we have that 

(5) Tg{S') C TgS n TgM = Kev{d7r^)g n TgM = Kev{d{njM)g). 

We obtain that dim(Ker(d(7r^|M)q)) = dim(M) — dim(W) = n — 1 — j, where 
j = dim(I^). Since dim(5") = dim(S') — 1 = n — j — 1, we obtain from ([5]) 
that 

(6) Ker(d(7r^|M)q)) = Tq(S0. 

Now assume by contradiction that 7'(0) G TgM. Since 7'(0) G Ker(d7r^)q 
and is orthogonal to TgS' we have that dim(Ker(d(7r^|M)q)) > 1 +dim(S'), 
which is a contradiction. Claim \TM is proved. 

Claim 2.7. \(A)\ implies [(C) . 



In fact, take v £ TgS with idTT^)g{v) = 0. In particular we have that 
V G Ker(d(7r^|M)q))- By ([6]) we have that v £ TgS', hence v is orthogonal 
to 7'(0). Since the geodesic 7 intersects W at p, we conclude that |(C)| holds 
(by taking r/ = 7'(0)). Claim \27l\ is proved. 

Let P : Tg(Q;?) Tp(Q;?) be the parallel transport along 7. Take V C 
TgiQ^) such that TpW = P{V). 

Claim 2.8. The vector spaces Ri{0) = {ti{0) \teR},V and TgS' are 
mutually orthogonal. 

In fact, since S is totally geodesic and TpW is orthogonal to TpS it follows 
that V = P-^{TpW) is orthogonal to TgS = My(0) + TgS'. And clearly we 
have that 7'(0) is orthogonal to TgS'. 



Claim 2.9. \(A]\ implies\(B}if c > 0. 



In fact, take a unit vector r/ G (TgM)-^. Prom Claim [2^ we may write 
rj = a7'(0) + ^ + u, with a G M, ^ G F and u G TgS' . Since r/ is orthogonal 
to M and Tg5' C TgM we obtain that u = 0. If a = then (r/,7'(0)) = 0, 
hence 7'(0) G TgM which contradicts Claim [2l6l Thus we obtain that a 7^ 0. 
If ?7 and 7'(0) are linearly dependent, then |(B)"] holds, since 7 intersects W, 
hence we are done in this case. Thus from now on we may assume that 

We consider the unique totally geodesic surface A^^ of constant curvature 
c such that TgiN"^) agrees with the plane generated by 7'(0) and ^. In 
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particular the images of 7 and 7^ are contained in A^^. By construction we 
have that w = Pi TpW. Since A^^ totally geodesic and ^ G TgiN"^) 
it holds that w = G Tp{N'^), hence the image of the geodesic 7^ is 
contained in A^^. If c > 0, the images of 7,, and 7^ must intersect, since 
they are nontrivial geodesies of the 2-dimensional sphere N'^, which implies 



that (B) holds. If c = and 7,, does not intersect 7^ then they are parallel to 
each other. Since 7^, is orthogonal to 7'(?'o) we will have that rj is orthogonal 
to 7'(0) which contradicts the fact that a 7^ 0. This contradiction concludes 
the proof of Claim 12.91 Theorem [1] is proved. □ 

The following proposition was mentioned in Remark [2j 

Proposition 2.1. Property \(C)\ is always true ifoO. 

Proof. Fix q £ T, and v £ TgT, with d{7r^)qV = 0. Thus it holds that 
V G Tg{Spw), where p = 7r^{q) (see Lemma [2?2]) . Let 7 : [0,ro] — ^ Spw be 
a normal minimizing geodesic from q to p satisfying ^(7) = = d{q,W). 
Fix a unit vector w G TpW. Let rj £ Tq(Q") be given by the parallel 
transport of w along 7. Since Spw is totally geodesic and w is orthogonal 
to Tp{Spw) we have that r/ is orthogonal to Tg{Spw), hence it is orthogonal 
to V. By using again the unique totally geodesic surface N'^ such that 
Tq{N'^) = span{7'(0), ^} we obtain that 7^ intersects 7^;, hence it intersects 
W. Proposition 12.11 is proved. □ 

The next proposition was mentioned in Remark [3l 

Proposition 2.2. Let T, be a hypersurface ofQ"^^ with c < and W C Q" be 
a complete totally geodesic submanifold with T, CiW = Then the property 
|(C)| implies that tt^\t, is a submersion. 

Proof. Assume by contradiction that |(C)| holds and that vr^ | s is not a sub- 
mersion. Then there exists g G S such that c?(vr,^|s)q : TqT, — )• TpW is not 
surjective. Consider as above a shortest normal geodesic 7 : [0, tq] — )• Q" 
from q to W, namely, assume that 7(0) = q, 7(ro) = p = Tr^^r{q) G W and 
L('y) = ro = d{q,W). We consider again the totally geodesic submanifold 
Spw = t^wUp}) (^^^ Lemma [2T2]) . 

Since d{TT^\Y;)q is not surjective, it holds that the intersection between S 
and Spw is not transversal at q. In fact, if T^S + Tg{Spw) = Tg{Q^) then 
we have by Lemma O that {dTT^)q{TqT.) = {dir^)g{Tq{Q'^)) = TpW, which 
contradicts the hypothesis that d{-Kyy\j])g is not surjective. 

Since S is a hypersurface and it does not intersect Spw transverselly at q, 
we conclude that Tg{Spw) C TgS, hence 7'(0) G T^S. Since d{-K^)g{'y' (0)) = 
0, Property |(C)| implies that there exists a unit vector rj orthogonal to 7'(0) 
such that the geodesic 7.^ intersects W. However the facts that c < 0, W is 
totally geodesic and rj is orthogonal to 7'(0) imply together that 7^ may not 
intersect W, which give us a contradiction. Proposition 12.21 is proved. □ 
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3. Distance function from subsets 

Proof of Theorem [3]. Let y be a neighborhood of a point xq in S such 
that the restriction fly : y — )• M is an embedding and denote by S' = f{V). 
Fix p,q G T,' and consider a differentiable curve a : [a, b] — t- S' with a{a) = p 
and a{b) = q parameterized by arc length. Let p : [a, 6] — t- M be given by 
p{s) = G{a{s)). By using that G is a Lipschitz function we have that 

\pis)-p{t)\ = |G(a(s))-G(Q(t))| < Cd(a(s),Q(t)) < CL(a|[,,i]) = C\s-t\. 

Thus, since /? is a Lipschitz function, it must be differentiable almost every- 
where and satisfy the equality p{b) = p{a) + J^p'{s)ds. We fix sq G (a, 6) 
such that p'{sq) exists. 

Claim 3.1. p'{sq) = 0. 

In fact, by hypothesis, there exists a nontrivial geodesic 7 : [0, 1] — )• M 
satisfying 

(i) 7(0) = a(so); 

(ii) 7'(0) is orthogonal to a'(so); 

(iii) C7L(7) = |G(a(.o)) - G(7(l))| = W^) - G{^{1))\. 

Since L(7) > it follows that G(a(so)) - G(7(l)) 7^ 0. By replacing G 
by — G if necessary, we may assume that G(a(so)) — G(7(l)) > 0. Now 
we choose < to < 1 sufficiently small so that a(so) is contained in a 
strongly convex ball B C M centered at 7(^0)- Choose < 5 < e sufficiently 
small so that I = {sq — 5, sq + S) C (a, 6), a{[so — J, sq + S]) C B and 
G(a(s)) — G(7(l)) > for all s £ I. Consider the smooth map r : i? — )• M 
given by r{x) = d{'~f{tQ),x) and the map /i : / x [0, 1] — )• M given by 

(a) h{s,t) = exp„(3) (^^ (^^Pa(s) ^(*o)))' for s G / and t G [0,to]; 

(b) h{s,t) =j{t), for s G I and t G [to,l]- 

Consider the curve hs : t £ [0,1] 1— h{s,t). Note that L{hs) = -^^(7|[to,i]) + 
r{a{s)). Since a is differentiable we obtain that 

(7) ±Hh. 



(roa)'(so) = (Vr(a(so)),a'(so) 



= (-7'(0),a'(so)> = 0. 
Since /is(0) = a{s) and /is(l) = 7(1) we have that 

CL{K) > Gd(a(s), 7(1)) > |G(a(s)) - G(7(l))| = G{a{s)) - G(7(l)) 
(8) = p(5)-G(7(l)), 



for all s £ I. Thus, using (iii) ([7]) and ([8]), we obtain that 

p (Sr)) = lim < lim 



^.^ GL(/i,) - GL(/i,J ^ ^ ^ 



i(/i. 

=«0 
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and 



=:?"o s - So s - So 



s — So ds 



Lihs) = 



Thus it holds that p'{so) = and Claim [3TT] is proved. 

Thus, using that p(b) = p{a) + p'{s)ds = p{a), we obtain that is 
constant. Since S is connected we have that the function G o / is constant, 
which concludes the proof of Theorem [3l □ 

3.1. Proof of Theorem [2]. Let / : S — )• M be a differentiable immersion 
of a connected manifold S in a Hadamard manifold M. Assume that there 
exists xo S M(oo) such that for all point p S S and v G TpS there exists a 
unit vector rj G Tj^^-^M orthogonal to dfpV satisfying that 7jy(oo) = xq. 

Fix a ray a : [0, +oo) — )• M parameterized by arc length such that a(oo) = 
Xo. We recall that a horosphere Hxq of M associated with xq G M(oo) is a 
level set of the Busemann function /i^ : M — )• M given by 

ha{x) = lim d{x,a{t))—t. 

It is well known that /iq is a Lipschitz function with Lipschitz constant 1 
and /ia(a(s)) = — s, for all s. Furthermore, if 7 : [0, +cxd) — t- M is another 
ray such that 7(00) = xo then the Busemann functions and ha differ by 
a constant. 

Now fix p G S and v G TpS. By hypothesis there exists a unit vector 
rj G Tf(^p)M orthogonal to dfpV satisfying that 7r;(oo) = xo. Thus we have 
that 

Thus we can apply Theorem [3] with G = ha to obtain that Go / is constant. 
Theorem [2] is proved. 

4. Examples 

The following example (see Figure [I]) shows that in the case c < the 
assumption that vTj^-Is is a submersion is essential to obtain that |( A)] implies 
|(C)| (compare with Proposition 12. ip . 

Example 4.1. Let W he a complete totally geodesic submanifold of Q", 
with c < 0. Take Spw = T^^^ip), for some p G W. Fix < a < 6 < +oo and 
set 

S = G Spw I a < d{z, W) < b}. 
It is easy to see that S is invariant under the action of Gw , hence it satisfies 
Pol Fix g G S and V = 7'(0), where 7 is the normal geodesic from q to 
p. For any vector rj G Tq(Q") orthogonal to v, the geodesic 7,, does not 
intersect W, hence [(C)] does not hold. 
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Figure 1. Referred in Example l4.ll 




Figure 2. Referred in Example lO 



According to Theorem [T] we have that (B) implies [(A) [ for any space form 
of constant curvature c G R. However, the next example shows that without 
the condition that tt^\-£ : S — t- is a submersion this implication may fail. 

Example 4.2. Consider the cone and cylinder given, respectively, by 



C = {{x,y, z) e \ < z < 1, [z - if = + y^} 



and 



D = {(x, y,z) eW^ \ z <0,x^ + = 1}, 

and let S, C be as in Figure [2j More precisely, consider smooth 
functions fi, v : (— e, e) — [0, +oo) for some small e > 0, satisfying that 

li{t) = for all t < 0; ^{t) > for all t > 0; 
u{t) > for all t < 0; u{t) = for ah t > 0. 

Consider the curve a{t) = (cos(t), sin(f), 0), with t G M. Let (3 : (-e, e) — > 
be the smooth curve given by 

= a{t) + i^it){- cos(t), - sin(t), 1) + /u(t)(0, 0, -1). 
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Let S be the image of /3 and W the z-axis. It is easy to see that S is 
a smooth embedded submanifold if e is sufficiently small. We have that 
f5{t) belongs to the cone C if t < and to the cylinder D ii t > 0. Thus 
it is not difficult to see that S satisfies |(B)| in Theorem [TJ Note that any 
submanifold containing S and invariant under the Gw action should contain 
an open neighborhood of a(0) in the non-smooth continuous hypersurface 
C U D, which implies that S does not satisfy [(A)| Note that 7^y^,\■s is not a 
submersion at the point /3(0), since 

rf(vr^)/3{0)/3'(0) = vr^(/3'(0)) = 7r^(0, 1,0) = 0. 

The following example shows that Theorem [1] is sharp in the sense that 
|(A)| does not imply (B) in the case c < (see Remark[3]in the Introduction). 

Example 4.3. Consider the hyperbolic space in the half space model 
^+ = {ix,y,z) \ z > 0}. Let W = {(0,0, z) | z > 0} be a vertical (totally 
geodesic) line in M^. Let S = {{x,y,z) | + = 1, z > 0} C H" 
be the cylinder of axis W and Euclidean radius 1. We first verify that 
'^w\^ ^ submersion. For this we take q = {x,y,z) G S and the curve 
a : (0,+oo) — S given by a{t) = {x,y,t). We have that a{z) = q and 
a'{z) = (0,0,1). Set /3 : (0,+oo) W given by (3{t) = {0,0, VT+^). It is 
easy to see that f3{t) = 'iT^{a{t)), hence we obtain that 



(d7r^|s),(a'(z))=/3'(z) 



0,0, 



hence we have that (d7r^|s)i3 ■ TgT, ^ T^^(g)VF is surjective and tTj^-Is is 
a submersion. Since E is a hypersurface invariant under rotations around 
W we see that S satisfies |(A)[ Now we will verify that S does not satisfy 
|(B)[ We choose q = {x,y,z) G S with < z < 1. For any unit vector rj 
orthogonal to S the geodesic 7^ will not intersect W since it is contained 
in the Euclidean sphere of center {x,y,0) and radius z (see Figure [3]). This 
shows that |(A)| does not imply \{B)\ in the case c < 0. 




Figure 3. Reffered in Example 14.31 
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S2 c S3 




Figure 4. Reffered in Example 14.41 



The next example shows that Theorem [T] may not be improved to obtain 
that |(C)| implies |(A)| in the case c > (see Remarks [21 [3]) . 

Example 4.4. Consider the standard unit sphere and the natural totally 
geodesic inclusion S'^ C S^. Consider on 5^ the image of a closed geodesic 
on S'^ (see Figure H]). Let S be an open subset of S'^ satisfying that Sn{Tyu 
Vw} = 0- Clearly we have that vr^^ls : S — )• is a submersion. First we 
will see that S satisfies |(C)[ In fact, fix a point g on S and any unit vector 
V G TpS. Choose a unit vector rj £ TgS'^ orthogonal to v. The geodesic 7.^ 
must remain contained in 5^, hence it will intersect W and |(C)| holds. Now 
we will see that |(A)| does not hold. We observe that, since S is an open 
subset of 5^, the union of orbits V = Uxt^sGwix) is an open subset of S^. 
Thus any submanifold M containing S and invariant under the action of 
Gw must contain V, hence M may not be a hypersurface. We conclude that 
S does not satisfy |(A)[ 

The example below presents a nontrivial situation where Theorem [1] ap- 
phes. 

Example 4.5. Consider the map / : — {(0, 0)} — )• given by f{x, y) = 
(x, y, e^' cos y, e^' siny) and let S be the image of /. Set W = {(0,0)} x 
and consider the natural projection tt^^ : ^ W . We claim that S and 
W satisfy the hypotheses of Theorem [H and that any plane orthogonal to 
1^ at a point p £ W — {(0, 0, 1, 0), (0, 0, 0, 0)} intersects S in infinitely many 
isolated points (see Remark [3l). In fact, we first note that T, CiW = ^. We 
have that 

df df 
(9) ^ = (1,0, cosy, sin y) and / = (0,1, 



-e^ siny, cos y). 



hence / is an immersion. Since S is a smooth graph we conclude that T, is 
a smooth embedded submanifold. The vectors 



dl 

dx 



(0,0, e^'cosy, e^siny), ir^. 



dl 
dy 



(0,0, — e^siny, e^cosy) 
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are linearly independent, hence vr^^|s : S — )• is a submersion. Now we 
will see that Item (B) in Theorem [T] is satisfied. To obtain this it suffices to 

prove that (^q + (TgS)"'"^ n 7^ 0, for any q = f{x,y) £ S. By a simple 

computation using ([9]) we obtain that 

(TqS)"'" = {(— ce^ cosy — de^ smy,ce^ siny — de^ cosy, c, d) \ c, d £ R} . 

Thus we have (^q + (TgE)"*"^ n / if and only if the linear system 

X = ce^ cos y + de^ sin y , 
y = —ce^ sin y + de^ cos y 

has a solution, and this is the case. Now, take 

p = (0, Q,a,(3)£W- {(0, 0, 1,0), (0, 0, 0, 0)}. 

We will see that the plane Spw = p + intersects S at infinitely many 
isolated points. To see this, note that S^w = {{u,v, a, /S) \u,v £ M}. Thus 
an easy computation shows that 

where 9 is any angle satisfying cos^ = . ° and sin 9 = ^ . Our 
claim is proved. 
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